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Overview

• Notation: vector, matrix


• Definition: vector and matrix operations


• Gradients and chain rule



What is a vector?
• An array of numbers


• Notation:


• bold lower case


• Size:


• Order:


• Indexing: 

v

size(v) = n

dim(v) = 1
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What is a matrix?
• An 2D array of numbers


• Notation:


• bold upper case


• Size:


• Order:


• Indexing: 

M

size(M) = n × m

dim(M) = 2
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Vector norm

|v | =
n

∑
i

v2
i |v |

v

v1

v2



Element wise operations

v + w =

v0 + w0
v1 + w1

⋯
vn + wn

v/w =

v0/w0

v1/w1
⋯

vn/wn

v − w =

v0 − w0
v1 − w1

⋯
vn − wn

v * w =

v0 * w0

v1 * w1
⋯

vn * wn

…

…



Inner product

v ⋅ w = v0 ⋅ w0 + v1 ⋅ w1 + … + vn ⋅ wn



Outer product

v ⊗ w =

v0w0 v0w1 … v0wn
v1w0 v1w1 … v1wn

⋯
vnw0 vnw1 … vnwn



Frobenius norm

|M | =
n

∑
i

m

∑
j

M2
ij



Transpose

[a00 a01 a02
a10 a11 a12]

a00 a10
a01 a11
a02 a12

M M⊤



Matrix multiplication

[a00 a01 a02 a03
a10 a11 a12 a13]

b00 b01 b02

b10 b11 b12

b20 b21 b22

b30 b31 b32

= [c00 c01 c02
c10 c11 c12]

2x4 4x3 2x3



Matrix-vector multiplication

[a00 a01 a02 a03
a10 a11 a12 a13]

b00

b10

b20

b30

= [c00
c10]

2x4 4 2



Vector operations

• Length / norm:


• Element-wise operations:


• Inner (dot) product:


• Outer product:

|v |

v⊤w = v ⋅ w

v + w, v − w, …

vw⊤ = v ⊗ w



Matrix Operations

• Frobenius norm


• Transpose


• Matrix multiplication

|M |

M⊤

AB Av



Functions of vectors

• Definition: f : x → y



Derivatives of vector valued 
functions

• Gradient of scaler function


• Jacobian: Derivative of vector      by vector   :

∂g(x)
∂x

= [ ∂g
∂x0

∂g
∂x1

… ∂g
∂xn ]

∂f(x)
∂x

= [ ∂f
∂x0

∂f
∂x1

… ∂f
∂xn ]

scaler

vector
g(x) x



Chain rule for scalar 
functions

• Nested functions:


• where                 and  


• and 


• Derivative:                              

f : ℝ → ℝ

f(g(x))

∂f(g(x))
∂x

=
∂f(y)

∂y
∂g(x)

∂x

g : ℝ → ℝ

y = g(x)



• Nested functions:


• where                 and  


• and 


• Derivative:                              

Chain rule for vector-valued 
functions

f(g(x))

∂f(g(x))
∂x

=
∂f(y)
∂y

∂g(x)
∂x

n x p n x m m x p

f : ℝm → ℝn g : ℝp → ℝm

y = g(x)



Summary
• Vector v


• Matrix M


• Gradients


• Chain rule


• More reading 
[The Matrix Cookbook, Petersen and Pedersen 2012]

∂f(x)
∂x

∂f(g(x))
∂x
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∂f(y)

∂y
∂g(x)

∂x


